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HYPERELLIPTIC JACOBIANS WITHOUT COMPLEX
MULTIPLICATION, DOUBLY TRANSITIVE PERMUTATION
GROUPS AND PROJECTIVE REPRESENTATIONS
YURI G. ZARHIN
1. Introduction
Let K be a field of characteristic zero, Ka its algebraic closure, n ≥ 5 an integer,
f(x) an irreducible polynomial over K of degree n, whose Galois group Gal(f)
acts doubly transitively on the set R of roots of f . Let C : y2 = f(x) be the
corresponding hyperelliptic curve and X=J(C) its jacobian defined overK. Earlier,
the author [20], [21], [25] has proven that the ring End(X) of allKa-endomorphisms
coincides with Z if Gal(f) is either the full symmetric group Sn or the corresponding
alternating group An or a small Mathieu group Mn (with n = 11 or 12) or R
could be identified with the projective space Pm−1(Fq) over a finite field Fq of
odd characteristic in such a way that Gal(f) contains the projective special linear
group PSLm(Fq) while m ≥ 3 and (m, q) 6= (4, 3). (Similar results were obtained
when Gal(f) = L2(2
r), Sz(22r+1) or U3(2
r) [21], [24].) The proof was based on an
observation that in all these cases the natural (faithful) representation of Gal(f) in
X2 is very simple; in particular, it is absolutely irreducible. (See [21], [22], [23] for
the definition and basic properties of very simple representations.)
We refer the reader to [9], [10], [4], [5], [8], [20], [21], [22], [24], [25] for a discussion
of known results about, and examples of, hyperelliptic jacobians without complex
multiplication.
In the present paper we suggest a new approach to already known examples
when End(X) = Z from [20], [21] and [25]. Namely, instead of very simplicity, we
use a theorem of Feit-Tits [2] complemented by results of Kleidman-Liebeck [6].
Besides obtaining new proofs of already known results, we get new examples when
End(X) = Z with reducible (but still absolutely indecomposable) Gal(f)-module
X2. Namely, we prove that End(X) = Z when Gal(f) is a big Mathieu group (with
n = 22, 23 or 24) or R could be identified with the projective space Pm−1(Fq) over
a finite field Fq of characteristic 2 in such a way that Gal(f) becomes either the
projective special linear group Lm(q) := PSLm(Fq) or the projective linear group
PGLm(Fq) with m > 2 (except (m, q) = (4, 2), (3, 4)). We refer to Theorem 5.1
(and Definitions 3.1 and 3.6) for a justification for the long title of the present
article.
The paper is organized as follows. In §2 we state the main results. Section
3 contains auxiliary results from representation theory. In §4 we discuss fields of
definitions for endomorphisms of abelian varieties. Section 5 contains proofs of the
main results.
Partially supported by the NSF.
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2. Main results
Throughout this paper we assume that K is a field of characteristic 0. We fix its
algebraic closure Ka and write Gal(K) for the absolute Galois group Aut(Ka/K).
Theorem 2.1. Let K be a field of characteristic zero, Ka its algebraic closure,
f(x) ∈ K[x] an irreducible polynomial of degree n. Suppose n = 11, 12, 22, 23 or 24
and the Galois group of f is the corresponding Mathieu group Mn. Let Cf be the
hyperelliptic curve y2 = f(x). Let J(Cf ) be its jacobian, End(J(Cf )) the ring of
Ka-endomorphisms of J(Cf ). Then End(J(Cf )) = Z.
Remark 2.2. The case of small Mathieu groups was done in Th. 7.13 on p. 489
of [21] (see also [25]). However, in this paper we give a unified proof for all Mathieu
groups.
Theorem 2.3. Let K be a field of characteristic zero, Ka its algebraic closure,
f(x) ∈ K[x] an irreducible polynomial of degree n and R ⊂ Ka the set of its roots.
We write Gal(f) for the Galois group of f . Suppose there exist integers m > 2 and
r ≥ 1 such that n = q
m
−1
q−1 where q = 2
r and (m, q) 6= (2, 2), (4, 2), (3, 4). Assume,
in addition, that R could be identified with the projective space Pm−1(Fq) over
the finite field Fq in such a way that Gal(f) contains Lm(q) := PSLm(Fq) as a
subgroup. (E.g., Gal(f) = Lm(q) or PGLm(Fq).) Let Cf be the hyperelliptic curve
y2 = f(x). Let J(Cf ) be its jacobian, End(J(Cf )) the ring of Ka-endomorphisms
of J(Cf ). Then End(J(Cf )) = Z.
Remark 2.4. In the case of m = 2 this assertion is proven in [21].
Theorem 2.5. Let K be a field of characteristic zero, Ka its algebraic closure,
f(x) ∈ K[x] an irreducible polynomial of degree n and R ⊂ Ka the set of its roots.
We write Gal(f) for the Galois group of f . Assume that there exist an odd power
prime q ≥ 3 and an integer m ≥ 3 such that n = q
m
−1
q−1 and the set R could be
identified with the projective space Pm−1(Fq) over the prime field Fq in such a way
that Gal(f) contains Lm(q) := PSLm(Fq) as a subgroup. (E.g., Gal(f) = Lm(q) or
PGLm(Fq).) Let Cf be the hyperelliptic curve y
2 = f(x). Let J(Cf ) be its jacobian,
End(J(Cf )) the ring of Ka-endomorphisms of J(Cf ). Then End(J(Cf )) = Z.
Remark 2.6. When (m, q) 6= (4, 3) this assertion is already proven is [25]. How-
ever, in this paper we give a unified proof for all (m, q).
3. Group theory
Definition 3.1. Suppose G 6= {1} is a perfect finite group and g > 1 is an integer.
We say that G is g-unbounded if it enjoys the following properties:
(i) Each homomorphism G → PSL(g − 1,C) is trivial;
(ii) Either g is odd and each homomorphism G → PSL(g,Q) = SL(g,Q) is trivial
or g is even and each homomorphism G → PSL(g,R) = SL(g,R)/{±1} is
trivial.
Remark 3.2. (i) Clearly, if every nontrivial irreducible projective representa-
tion of G in characteristic zero has dimension > g then all nontrivial projective
representations of G in characteristic zero have dimension > g and therefore
G is g-unbounded.
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(ii) Clearly, if H is a simple non-abelian group isomorphic to a subgroup of G
then the g-unboundness of H implies the g-unboundness of G.
(iii) Clearly, if every nontrivial projective representation of G in characteristic
2 has dimension > g then all nontrivial projective representations of G in
characteristic zero have dimension > g and therefore G is g-unbounded.
(iv) Every G is 2-unbounded. Indeed, it suffices to check that each homomorphism
from G to PSL(2,R) is trivial. But each finite subgroup in PSL(2,R) is the
image of a finite subgroup in SL(2,R). Since each finite subgroup of SL(2,R)
is commutative, the image π(G) of each homomorphism π : G → PSL(2,R)
is commutative. The perfectness of G implies that π(G) is also perfect. This
implies that π(G) = {1}, i.e., π is trivial.
Example 3.3. Suppose g ≥ 4 is an integer. Then the alternating groups A2g+1
and A2g+2 are g-bounded. Indeed, 2g + 1 > 8 and, by a theorem of Wagner [19],
every nontrivial linear representation of A2g+1 in characteristic 2 has dimension
≥ 2g. Since the Schur multiplier of A2g+1is 2, one may easily deduce that every
nontrivial projective representation of A2g+1 in characteristic 2 also has dimension
≥ 2g > g. By Remark 3.2((iii), A2g+1is g-unbounded. Since A2g+1 is isomorphic
to a subgroup of A2g+2, the group A2g+2 is also g-unbounded.
Examples 3.4. (a) The Mathieu groups M23 and M24 are 11-unbounded. In-
deed, it follows from the Tables in [1] that all nontrivial irreducible projective
representations of M23 in characteristic zero have dimension ≥ 22. This im-
plies that M23 is d-unbounded for all d < 22. Since M23 is isomorphic to a
subgroup of M24, the group M24 is also d-unbounded for all d < 22.
(b) The Mathieu group M22 is 10-unbounded. Indeed, it follows from the Tables
in [1] that in characteristic zero all nontrivial irreducible projective represen-
tations of M22 have dimension ≥ 10 and there are no nontrivial irreducible
linear 10-dimensional representations. This implies that all homomorphisms
M22 → PGL(9,C) are trivial. Now in order to establish the 10-unboundness of
M22 we need only to check that each homomorphism from M22 to PSL(10,R)
is trivial. Let as assume that ρ : M22 → PSL(10,R) = SL(10,R)/{±1} is
a nontrivial group homomorphism. Clearly, ρ lifts to a nontrivial homomor-
phism
ρ′ : M′22 → SL(10,R)
where M′22 sits in a central extension
{1} → {±1} →֒ M′22 ։ M22 → {1}.
This extension is non-splittable, since there are no nontrivial homomorphisms
from M22 to SL(10,R) [1]. On the other hand, it also follows from the Tables
in [1] that there are no 10-dimensional linear irreducible representations of
M′22 defined over R. This implies easily that there are no nontrivial 10-
dimensional linear representations of M′22 defined over R.This gives us the
desired contradiction and proves the 10-unboundness of M22.
(c) Suppose r ≥ 1 and m ≥ 2 are positive integers and assume that (m, r) 6=
(2, 1), (2, 2), (3, 2), (4, 2). Let us put q = 2r. We define a positive integer g as
follows.
g = q/2 if m = 2 and g = 12
qm−q
q−1 if m > 2.
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Then the group Lm(q) = PSLm(Fq) is g-unbounded. Indeed, it is known
[18] that under our assumptions on (m, q) all nontrivial irreducible projective
representations of Lm(q) in characteristic zero have dimension ≥
qm−q
q−1 > g
if m > 2. It is also known [18] that all nontrivial irreducible projective
representations of L2(q) in characteristic zero have dimension ≥ q − 1 > g if
q > 4.
(d) Suppose q ≥ 3 is an odd power prime, m ≥ 3 is an integer. Let us put
g :=
[
1
2
(
qm − 1
q − 1
− 1
)]
=
[
1
2
(
qm − q
q − 1
)]
.
Then the group Lm(q) = PSLm(Fq) is g-bounded. Indeed, it is known [18]
that if (q,m) 6= (3, 4) then all nontrivial irreducible projective representations
of Lm(q) in characteristic zero have dimension ≥
qm−1
q−1 − 1 > g.
If (q,m) = (3, 4) then g = 19. It follows from the Tables in [1] that all
nontrivial irreducible projective representations of L4(3) in characteristic zero
have dimension ≥ 26 > 19.
Example 3.5. The Mathieu groups M11 and M12 are 5-unbounded. Indeed, it
follows from the Tables in [1] that all nontrivial irreducible projective representa-
tions of M11 in characteristic zero have dimension ≥ 10. This implies that M11 is
d-unbounded for all d < 10. Since M11 is isomorphic to a subgroup of M12, the
group M12 is also d-unbounded for all d < 10.
Definition 3.6. Suppose G is a simple non-abelian group, ℓ is a prime. Suppose
{1} → N →֒ G′
γ
։ G → {1}
is a short exact sequence of finite groups where N is a group of exponent 1 or ℓ
and no proper subgroup of G′ maps onto G. (In particular, G′ is perfect.) Then G′
is called a minimal cover of G.
In addition, if either N = {1} (i.e., G′ = G) or the exponent of N is ℓ then we
say that G′ is a minimal ℓ-cover of G.
Remark 3.7. Clearly, the minimal cover G′ is always perfect. It is also clear that
each normal subgroup in G′ except G′ itself lies in N . This implies easily that if
ρ : G′ →M is a nontrivial group homomorphism then ker(ρ) lies in N and therefore
the image ρ(G′) is also a minimal cover of G. In addition, if G′ is a minimal ℓ-cover
then ρ(G′) is also one.
Remark 3.8. Suppose G is a simple non-abelian group and γ : H ։ G is a surjec-
tive homomorphism of finite groups. Let G′ be a subroup of smallest order among
the subgroups H ′ of H such that γ(H ′) = G. (Clearly, such G′ always exists.) Then
γ : G′ → G is a minimal cover. In addition, if the kernel of is either trivial or has
exponent ℓ then γ : G′ → G is a minimal ℓ-cover.
Examples 3.9. (i) Suppose G is a simple non-abelian group isomorphic either
to A5 ∼= L2(4) or to A6. Suppose G
′ is a minimal cover of G. Then, by
Remark 3.2(iv), the perfect group G′ is 2-bounded.
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(ii) Suppose G is a simple non-abelian group isomorphic either to L3(2) ∼= L2(7)
or to A7 or to A8 ∼= L4(2). Notice that in all these cases the order of G is
divisible by 7.
Suppose G′ is a minimal cover of G. Then G′ is 3-bounded. Indeed, if
π2 : G
′ → PSL(2,C) is a nontrivial homomorphism then, by Remark 3.7, its
image H ′ := π(G′) ⊂ PSL(2,C) is also a minimal cover of G. In particular,
H2 is a perfect finite group having a quotient isomorphic to G. This implies
that nonsolvable H2 ⊂ PSL(2,C) is not isomorphic to A5 which could not
be true ([17], Th. 6.17 on p. 404). The obtained contradiction implies that
there are no nontrivial homomorphisms from G′ to PSL(2,C).
Now assume that there exists a nontrivial homomorphism π3 : G
′ →
SL(3,Q). As above, the image H3 := π(G
′) ⊂ SL(3,Q) is also a minimal
cover of G. In particular, H3 is a finite group having a quotient isomorphic
to G; in particular, 7 divides the order of H3 and therefore H3 ⊂ SL(3,Q)
contains an element of order 7. But this is not true, since the degree of the
7th cyclotomic field over Q is 6 > 3. The obtained contradiction ends the
proof of the 3-unboundness of G′.
We will use the following result of Feit-Tits ([2], Theorem on pp. 1092–1093 and
Prop. 4.1 on p. 1098) concerning complex projective representations of minimum
degree. (See also [6].)
Theorem 3.10 (Feit-Tits Theorem). Suppose G is a known simple non-abelian
group that is not a a group of Lie type in characteristic 2. Suppose G′
γ
։ G is
a minimal cover of G and d is the smallest positive integer such that there exists
a nontrivial homomorphism G′ → PGL(d,C). Then the kernel of each homo-
morphism G′ → PGL(d,C) contains ker(γ). In particular, G is isomorphic to a
subgroup of PGL(d,C).
Remark 3.11. Kleidman and Liebeck [6] studied the case of simple groups of Lie
type in characteristic 2. In particular, they proved the following assertion (ibid,
Th. 3 on p. 316). Suppose q is a power of 2 and m ≥ 2 is an integer such that
(m, q)) 6= (2, 2) (i.e., Lm(q) is a simple non-abelian group). If g is a positive integer
and G′ is a minimal cover of Lm(q) such that G
′ is isomorphic to a subgroup of
PGL(g,C) then either m = 4 and g ≥ q3 or Lm(q) is isomorphic to a subgroup of
PGL(g,C).
Lemma 3.12. Suppose q ≥ 2 is an integral power of 2 and m ≥ 2 is an integer such
that (m, q) 6= (2, 2), (2, 4), (3, 2), (4, 2). Suppose G′ is a minimal cover of Lm(q).
(i) If m > 2 then G′ is 12
qm−q
q−1 -unbounded.
(ii) If m > 2 then G′ is q2 -unbounded.
Proof. Let us start with the case of m = 2. Let us put g = q2 . Let ρ : G
′ →
PGL(g,C) is a nontrivial group homomorphism. By Remark 3.7, the image ρ(G′) ⊂
PGL(g,C) is also a minimal cover of L2(q). Applying Remark 3.11 to ρ(G
′), we
conclude that L2(q) is isomorphic to a subgroup of PGL(g,C). By Example 3.4(c),
this is not true. The obtained contradiction implies that there are no nontrivial
homomorphisms from G′ to PGL(g,C).
Now assume that m > 2. Let us put g = 12
qm−q
q−1 . Notice that if m = 4 then
g =
1
2
(q3 + q2 + q) < q3.
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Let ρ : G′ → PGL(g,C) is a nontrivial group homomorphism. Again, the image
ρ(G′) ⊂ PGL(g,C) is also a minimal cover of Lm(q). Applying Remark 3.11 to
ρ(G′), we conclude that either m = 4 and g ≥ q3 or Lm(q) is isomorphic to a
subgroup of PGL(g,C). But we have already seen that if m = 4 then g < q3. This
implies that Lm(q) is isomorphic to a subgroup of PGL(g,C). By Example 3.4(c),
this is not true. The obtained contradiction implies that there are no nontrivial
homomorphisms from G′ to PGL(g,C).
Lemma 3.13. Suppose a simple non-abelian finite group G and an integer g > 1
enjoy one of the following properties:
(a) g = 11 and G = M23 or M24;
(b) g = 10 and G = M22;
(c) g = 5 and G = M11 or M12;
(d) g =
[
1
2
(
qm−1
q−1 − 1
)]
where q ≥ 3 is an odd power prime, m ≥ 3 is an integer
and G = Lm(q);
(e) G = A2g+1 or A2g+2;
If G′ is a minimal cover of G then G′ is g-unbounded.
Proof. Case (a). We have seen that there are no nontrivial homomorphisms to
PSL(11,C) either from M23 or M24. It follows from the Feit–Tits theorem that the
same is true for the minimal cover G′.
Case (c). We have seen that there are no nontrivial homomorphisms to PSL(5,C)
either from M11 or M12. It follows from the Feit–Tits theorem that the same is
true for the minimal cover G′.
Case (d). It follows from the Feit–Tits theorem combined with Example 3.4(d)
that there are no nontrivial homomorphisms from G′ to PSL(g,C).
Case (b). Since every homomorphism from M22 to PSL(9,C) is trivial, we
conclude that, thanks to the Feit–Tits theorem, that every homomorphism from
G′ to PSL(9,C) is also trivial. In order to finish the proof we have to check that
every homomorphism from G′ to PSL(10,R) is also trivial. Let us assume that
ρ′ : G′ → PSL(10,R) = SL(10,R)/{±1} is a nontrivial group homomorphism. Let
us consider the composition
π : G′
ρ′
−→ PSL(10,R) ⊂ PSL(10,C)
of ρ′ and the natural embedding PSL(10,R) ⊂ PSL(10,C). Clearly, the compo-
sition π : G′ → PSL(10,C) is a nontrivial group homomorphism. Since G′ is a
minimal cover of M22 and 10 is the smallest dimension of a nontrivial projective
representation of M22 overC [1], the Feit–Tits theorem implies that ker(π) contains
ker(G′ ։ M22). Since the image of π lies in PSL(10,R) ⊂ PSL(10,C), we conclude
that π gives rise to a nontrivial homomorphism M22 → PSL(10,R). Contradiction.
Case (e) follows easily from the Feit–Tits theorem combined with Examples 3.9
and Lemma 3.12.
Theorem 3.14. Suppose g > 1 is an integer, D a finite-dimensional semisimple
Q-algebra enjoying the following properties:
(i) Let us split D into a direct sum
D = ⊕ri=1Di
of simple Q-algebras Di. Then the number r of summands does not exceed g;
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(ii) Let us present a summand Di as the algebra of square matrices of size di
over a division Q-algebra Ti. Then every Ti admits a positive involution. In
addition,
⊕ri=1di ≤ g.
(iii) If r = 1 (i.e., D = D1 is simple) then n1 · dimQ(T1) divides 2g. In addition,
the center of D1 is either a totally real number field of degree dividing g or
a CM-field of degree dividing 2g. Also, if n1 · dimQ(T1) = 2g and T1 is a
quaternion Q-algebra then it is indefinite.
Suppose H is a g-unbounded group and ρ : H → Aut(D) is a group homomor-
phism such that the subalgebra
DH = {u ∈ D | ρ(h)u = u ∀h ∈ H}
of H-invariants coincides with Q. Then D = Q.
Proof. Let Ci be the center of Di. Then Ci is either a totally real number field or
a CM-field. Clearly,
C = ⊕ri=1Ci
is the center of D. This implies that C is H-stable and the action of H permutes
Ci’s. This gives rise to a homomorphism from H to the group Sr of permutations
in r letters which must be trivial. Indeed, the perfectness of H implies that its
image in Sr lies in the alternating subgroup Ar which embeds into PSL(r− 1,C) if
r > 2 and the inequality r ≤ g and the triviality of homomorphisms implies in this
case that H → Sr is trivial. If r ≤ 2 then Ar is itself trivial. So, H leaves stable
each Ci. This implies easily that ⊕
r
i=1Q consists of H-invariants. Since D
H = Q,
we conclude that r = 1 and therefore D = D1 and C = C1 is also the center of M1.
So, C is either a totally real number field of degree dividing g or a purely imaginary
quadratic extension of a totally real number field C+ where [C+ : Q] divides g. In
the case of totally real C let us put C+ := C. Clearly, in both cases C+ is the
largest totally real subfield of C and therefore the action of H leaves C+ stable.
Let us put d := [C+ : Q]. I claim that d = 1, i.e., C+ = Q. Indeed, suppose d > 1.
Clearly, one may identify Aut(H) with a subgroup of GL(d − 1,Q) and therefore
the action of H on C+ gives us a homomorphism
H → Aut(C+) ⊂ GL(d− 1,Q),
whose triviality we need to check. Assume the contrary. The perfectness of H
implies that the nontrivial image of the composition H → GL(d− 1,Q) is, in fact,
a perfect subgroup of SL(d − 1,Q). This perfectness implies, in turn, that the
image of H in PSL(d− 1,Q) is also nontrivial. Taking into account the inequality
d ≤ g and the inclusion PSL(d − 1,Q) ⊂ PSL(d − 1,C), we obtain a nontrivial
homomorphism H → PSL(d− 1,C). This contradicts to the g-unboundness of H .
Hence d = 1 and C+ = Q.
Now I claim that C = Q. Indeed, if C 6= Q then C is an imaginary quadratic
field and Aut(C) is a cyclic group of order 2. The perfectness of H implies that
H → Aut(C) is trivial and therefore C consists of H-invariants. Since DH = Q,
we get a contradiction. Hence C = Q.
So, T1 is a central simple Q-algebra with a positive involution. Hence either
T1 = Q or a quaternion Q-algebra.
Assume that T1 = Q. Then D = D1 is the matrix algebra of size d1 over Q.
Clearly, d1 ≤ g. By Skolem-Noether theorem, Aut(D) is PGL(d1,Q). So, perfect H
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acts on D via ρ : H → Aut(D) = PGL(d1,Q), whose image must lie in PSL(d1,Q).
Since d1 ≤ g, PSL(d1,Q) is a subgroup of PSL(g,Q), we obtain the triviality of
ρ : H → Aut(D) = PGL(d1,Q) ⊂ PSL(g,Q). This implies that the whole D
consists of H-invariants. Since DH = Q, we conclude that D = Q.
Now assume that T1 is a quaternion Q-algebra. Then D 6= Q and therefore
ρ : H → Aut(D) is nontrivial. We need to arrive to a contradiction.
We have dimQ(D1) = 4 and 4n1 ≤ 2g.
Assume that 4n1 = 2g. Then g = 2n1 is even and T1 ⊗QR is isomorphic to the
matrix algebra of size 2 over R. This implies that DR := D ⊗Q R is the matrix
algebra of size g and
Aut(D) ⊂ AutR(DR) = PGL(g,R).
Therefore the nontrivial ρ gives rise to a nontrivial homomorphismH → PGL(g,R).
Again, the perfectness of H implies that the image lies in PSL(g,R) and we get a
nontrivial homomorphism H → PSL(g,R). Contradiction.
Assume that 4n1 < 2g. Then DC := D ⊗Q C is the matrix algebra over C of
size 2n1 < g and
Aut(D) ⊂ AutC(DC) = PGL(2n1,C).
Therefore the nontrivial ρ gives rise to a nontrivial homomorphism H → PGL(g −
1,C). Again, the perfectness of H implies that the image of H lies in PSL(g−1,C)
and we get a nontrivial homomorphism H → PSL(g − 1,C). Contradiction.
Let B be a finite set consisting of n ≥ 5 elements. We write Perm(B) for the
group of permutations of B. A choice of ordering on B gives rise to an isomorphism
Perm(B) ∼= Sn.
Let us consider the permutation module FB2 : the F2-vector space of all functions
ϕ : B → F2. The space F
B
2 carries a natural structure of Perm(B)-module and
contains the stable line F2 · 1B of constant functions and the stable hyperplane
(FB2 )
0 of functions ϕ with
∑
α∈B ϕ(α) = 0. Clearly, (F
B
2 )
0 contains F2 · 1B if and
only if n is even. Let us put QB := (F
B
2 )
0 if n is odd and QB := (F
B
2 )
0/(F2 · 1B) if
n is even. Clearly, QB carries a natural structure of faithful Perm(B)-module. For
each permutation group H ⊂ Perm(B) the corresponding H-module is called the
heart of the permutation representation of H on B over F2 [7], [11], [3].
Lemma 3.15. EndH(QB) = F2 if either n is odd and H acts 2-transitively on B
or n is even and H acts 3-transitively on B.
Proof. See Satz 4 in [7].
Lemma 3.16. Suppose q > 2 is an integral odd power prime, m ≥ 3 is an in-
teger, B = Pm−1(Fq) is the corresponding (m − 1)-dimensional projective space
over the finite field Fq and H = Lm(q) = PSLm(Fq) ⊂ Perm(B) is the corre-
sponding projective special linear group over Fq acting naturally and faithfully on
the projective space. Then the H-module QB ia absolutely simple. In particular,
EndH(QB) = F2.
Proof. See [11], Table 1 on page 2.
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Remark 3.17. Suppose q = 2r is an integral power of 2 and m ≥ 2 is an integer
such that either m ≥ 3 or q > 4. Suppose B = Pm−1(Fq) is the corresponding
(m − 1)-dimensional projective space over the finite field Fq and H = Lm(q) =
PSLm(Fq) ⊂ Perm(B) is the corresponding projective special linear group over Fq
acting naturally and faithfully on the projective space. Then EndH(QB) = F2.
Indeed, it is well-known that H = PSLm(Fq) acts doubly transitively on B =
Pm−1(Fq). Clearly, #(B) =
qm−1
q−1 is odd and therefore the assertion follows from
Lemma 3.15. Notice that if m ≥ 3 then the H-module QB is reducible [11]; see §5
of [3] for details. If m = 2 then the H-module QB is absolutely simple [11] (and
even very simple [21]).
4. Endomorphisms of abelian varieties
Let K be a field of characteristic zero. We fix its algebraic closure Ka and write
Gal(K) for the absolute Galois group Aut(Ka/K). Let X is an abelian variety
of positive dimension defined over K. Then the group X(Ka) of its algebraic
points has a natural structure of Gal(K)-module. If m is a positive integer then
we write Xm for the kernel of multiplication by m in X(Ka). It is well-known
[12] that Xm is a free Z/mZ-module of rank 2dim(X) provided with the structure
of Gal(K)-module inherited from X(Ka). We denote by ρ˜m,X the corresponding
homomomorphism
ρ˜m,X : Gal(K)→ Aut(Xm) ∼= GL(2dim(X),Z/mZ)
which defines the structure of Galois module on Xm. We have
ρ˜m,X(σ)(x) = σ(x) ∀σ ∈ Gal(K), x ∈ Xm ⊂ X(Ka).
We write
G˜m,X,K = ρ˜m,X(Gal(K))
for the image of Gal(K) in Aut(Xm). If K(Xm) is the field of definition of all
points of order m on X then it is a finite Galois extension of K, whose Galois
group Gal(K(Xm)/K) = G˜m,X,K .
Supposem > 1. Clearly, Xm = mXm2 coincides with the kernel of multiplication
by m in Xm2 . In particular, every endomorphism of the commutative group Xm2
leaves Xm stable. Therefore the restriction to Xm gives rise to a natural (obviously
surjective) ring homomorphism (the reduction modulo m)
redm : End(Xm2)։ End(Xm); redm(u)(x) = ux ∀u ∈ End(Xm2), x ∈ Xm.
Clearly, ker(redm) = mEnd(Xm2). This implies that each v ∈ ker(redm) satisfies
v2 = 0 = mv.
Restricting redm to the automorphism group Aut((Xm2) of Xm2 , we obtain the
(obviously surjective) group homomorphism
red∗m : Aut(Xm2)։ Aut(Xm); red
∗
m(u)(x) = ux ∀u ∈ Aut(Xm2), x ∈ Xm.
Clearly, ker(red∗m) = Id +mEnd(Xm2). (Here Id is the identity automorphism of
Xm2 .) This implies that each u ∈ ker(red
∗
m) is of the form Id+v with v
2 = 0 = mv.
This implies that um = Id.
Remark 4.1. Notice that the homomorphisms redm and red
∗
m do not depend on
the choice of the field of definition K for X . In particular, they both are Gal(K)-
equivariant.
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Clearly,
ρ˜m2,X = red
∗
mρ˜m,X ;
in particular,
G˜m,X,K = red
∗
m(G˜m2,X,K).
There is an important special case when m = ℓ is a prime. Then Xm = Xℓ
is a 2dim(X)-dimensional Fℓ-vector space provides with the structure of Gal(K)-
module inherited fromX(Ka). We have u
ℓ = Id for each u ∈ ker(red∗ℓ ) and therefore
the exponent of the nontrivial finite group ker(red∗ℓ ) is ℓ. We also have
G˜ℓ,X,K = red
∗
ℓ (G˜ℓ2,X,K)
and therefore the kernel of the surjective group homomorphism
red∗ℓ : G˜ℓ2,X,K ։ G˜ℓ,X,K
is either trivial or a finite group of exponent ℓ.
Remark 4.2. Assume that G˜ℓ,X,K contains a simple non-abelian subgroup G. Let
H ⊂ G˜ℓ2,X,K be the preimage of G with respect to red
∗
ℓ : G˜ℓ2,X,K ։ G˜ℓ,X,K .
Clearly, red∗ℓ : H → G is a surjective homomorphism, whose kernel is either trivial
or has exponent ℓ. According to Remark 3.8 there exists a subgroup
G′ ⊂ H ⊂ G˜ℓ2,X,K
such that red∗ℓ : G
′
։ G is a minimal ℓ-cover.
Clearly, {σ ∈ Gal(K) | ρℓ2,X(σ) ∈ G
′} is an open subgroup of finite index in
Gal(K) and therefore coincides with the Galois group of certain finite separable
algebraic extension L = LG of K. Clearly, we have
ρℓ2,X(Gal(L)) = G
′, ρℓ,X(Gal(L)) = red
∗
ℓ (G
′) = G.
In other words,
G˜ℓ2,X,L = G
′, G˜ℓ,X,L = G
and red∗ℓ : G˜ℓ2,X,L ։ G˜ℓ,X,L is a minimal ℓ-cover.
We write End(X) for the ring of all Ka-endomorphisms of X and EndK(X) for
the ring of all K-endomorphisms of X . We have
Z = Z · IdX ⊂ EndK(X) ⊂ End(X)
where IdX is the identity automorphism of X .
Since X is defined over K, one may associate with every u ∈ End(X)) and
σ ∈ Gal(K) an endomorphism σu ∈ End(X) such that
σu(x) = σu(σ−1x) ∀x ∈ X(Ka).
In fact, there is a group homomorphism
κX : Gal(K)→ Aut(End(X)); κX(σ)(u) =
σ u ∀σ ∈ Gal(K), u ∈ End(X).
It is well-known that EndK(X) coincides with the subring of Gal(K)-invariants
in End(X), i.e.,
EndK(X) = {u ∈ End(X) |
σ u = u ∀σ ∈ Gal(K)}.
It is also well-known, that End(X), viewed as a group (with respect to addition) is
a free commutative group of finite rank and EndK(X) is its pure subgroup, i.e., the
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quotient-group End(X)/EndK(X) is also a free commutative group of finite rank.
It is also well-known that there exists a finite Galois extension K ′ of K such that
all the endomorphisms of X are defined over K ′, i.e.
Gal(K ′) ⊂ ker(κX) ⊂ Gal(K).
Remark 4.3. It is proven in [15] that all the endomorphisms of X are defined over
K(X4)
⋂
K(Xℓ) where ℓ is an arbitrary odd prime. This means that ker(ρ˜4,X) ⊂
ker(κX) and ker(ρ˜ℓ,X) ⊂ ker(κX) for all odd primes ℓ. This implies that if ΓK =
κX(Gal(K)) ⊂ Aut(End(X)) then there exists a surjective homomorphism
G˜4,X ։ ΓK ⊂ Aut(End(X))
and surjective homomorphisms
G˜ℓ,X ։ ΓK ⊂ Aut(End(X))
for all odd primes ℓ. Notice that
EndK(X) = End(X)
ΓK .
Remark 4.4. (i) Let us put End0(X) := End(X) ⊗Q. It is well-known ([12],
§21) that End0(X) is a semisimple finite-dimensional Q-algebra. Clearly, the
natural map
Aut(End(X))→ Aut(End0(X))
is an embedding.
(ii) Recall thatX is isogenous overKa to a product
∏r
i=1 Y
di
i where Yi’s are mutu-
ally non-isogenous absolutely simple abelian varieties (of positive dimension)
over Ka. Then
g = dim(X) =
r∑
i=1
di · dim(Yi) ≥
r∑
i=1
di.
Let us put Ti := End
0(Yi) and denote by Di the algebra of square matrices
of size di over Ti. Then each Ti is a division Q-algebra admitting a positive
involution ([12], §21). Let us denote by Ci the center of Ti. Then either Ci
is a totally real number field and [Ci : Q] divides dim(Yi) or Ci is a CM-field
and [Ci : Q] divides 2dim(Yi). It is also clear that Ci is the center of Di.
Since char(Ka) = 0, the number dimQ(Ti) divides 2dim(Yi) ([12], §21, p.
202). Clearly, Di = End
0(Y dii ) and
End0(X) = ⊕ri=1Di.
(iii) Assume now that r = 1, i.e., X is isogenous to Y d11 and End
0(X) = D1. Then
g = dim(X) = d1 · dim(Y1). Hence either C1 is totally real number field and
[C1 : Q] divides g or Ci is a CM-field and [Ci : Q] divides 2g. It is also clear
that d1dimQ(T1) divides d1 · 2dim(Y1) = 2dim(X) = 2g. If C1 = Q then T1
is either Q or a quaternion Q-algebra.
(iv) We continue to assume that r = 1. If T1 a quaternion Q-algebra and
d1dimQ(T1) = 2g then, taking into account that dimQ(T1) = 4, we con-
clude that g is even, d1 = g/2 and Y1 is an absolutely simple abelian surface.
Since in characteristic zero the endomorphism algebra of an absolutely sim-
ple abelian surface is either a field or an indefinite quaternion Q-algebra [13]
(see also [14]), we conclude that T1 = End
0(Y1) is an indefinite quaternion
Q-algebra.
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Theorem 4.5. Suppose K is a field of characteristic 0, suppose X is an abelian
variety over a K of dimension g > 1. Suppose ℓ is a prime,
G˜ℓ,X,K = ρ˜ℓ,X(Gal(K)) ⊂ Aut(Xℓ)
is the image of Gal(K) in Aut(Xℓ). Let us put g = dim(X) and assume that g > 1
(i.e., X is not an elliptic curve). Assume that G˜ℓ,X,K contains a simple non-abelian
subgroup G such that
EndG(Xℓ) = Fℓ
and one of the following conditions holds:
(a) ℓ is odd and G is g-unbounded.
(b) ℓ = 2 and every 2-minimal cover of G is g-unbounded.
Then the ring End(X) of all Ka-endomorphisms of X coincides with Z.
Proof. First, using Remark 4.2 we may replace K by its finite separable algebraic
extension L in such a way that G˜ℓ,X,L = G and
red∗ℓ : G˜ℓ2,X,L →֒ G˜ℓ,X,L = G
is a minimal ℓ-cover. Clearly, G˜ℓ,X,L is g-unbounded if ℓ is odd. If ℓ = 2 then
it follows from Remark 4.2 that G˜ℓ,X,L is a minimal 2-cover of G˜2,X,L = G and
therefore is g-unbounded.
Second, I claim that EndL(X) = Z. Indeed, it is well-known that there is an
embedding.
EndL(X)⊗ Z/ℓZ →֒ EndGal(K)(Xℓ).
On the other hand, since ρℓ,X(Gal(L)) = G˜ℓ,X,L,
EndGal(K)(Xℓ) = EndG˜ℓ,X,L(Xℓ) = EndG(Xℓ) = Fℓ,
the rank of free commutative group EndL(X) is either 0 or 1. Clearly, it must be
1 and this implies that EndLX = Z.
Now let us put D := End0(X). Clearly, End(X) is a Z-lattice in the Q-vector
space D. Let Aut(D) be the group of automorphisms of the Q-algebra D. We have
Aut(End(X)) ⊂ Aut(D). We have
κX(Gal(L)) = ΓL ⊂ Aut(End(X)) ⊂ Aut(D).
Clearly, we have
DΓL = End(X)ΓL ⊗Q = EndL(X)⊗Q = Z⊗Q = Q.
We are going to finish the proof, using Theorem 3.14. Let us put H := G˜ℓ,X,L
if ℓ is odd and H := G˜4,X,L if ℓ = 2. Clearly, in both cases H is g-unbounded.
Thanks to Remark 4.3, there exists a surjective homomorphism
ρ : H ։ ΓL ⊂ Aut(D).
Clearly,
DH = DΓL = Q.
In light of Remark 4.4 the semisimple Q-algebra D = End0(X) satisfies all the
conditions of Theorem 3.14 with g = dim(X). Applying Theorem 3.14, we conclude
that D = Q, i.e., End0(X) = Q and therefore End(X) = Z.
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5. Hyperelliptic jacobians
Theorem 5.1. Let K be a field of characteristic zero, Ka its algebraic closure,
f(x) ∈ K[x] a polynomial of degree n ≥ 5 and R ⊂ Ka the set of its roots. let
K(R) ⊂ Ka be the splitting field of f and Gal(f) := Gal(K(R)/K) the Galois
group of f , viewed as a subgroup of of the group Perm(R) of all permutations of R.
Suppose Gal(f) contains a simple non-abelian group G enjoying one of the following
two properties:
(i) n is odd and G acts 2-transitively on R. In addition, every 2-minimal cover
of G is n−12 -bounded.
(ii) n is even and G acts 3-transitively on R. In addition, every 2-minimal cover
of G is n−22 -bounded.
(iii) n is even and EndG(QR) = F2. In addition, every 2-minimal cover of G is
n−2
2 -bounded.
Let J(Cf ) be the jacobian of the hyperelliptic curve C = Cf : y
2 = f(x). Then
the ring End(J(Cf ) of all Ka-endomorphisms of J(Cf ) coincides with Z.
Proof. Suppose f(x) ∈ K[x] is a polynomial of degree n ≥ 5 without multiple roots
and X := J(Cf ) is the jacobian of C = Cf : y
2 = f(x). It is well-known that
g := dim(X) = n−12 if n is odd and g := dim(X) =
n−2
2 if n is even. It is also
well-known (see for instance Sect. 5 of [21]) that G˜2,X,K ∼= Gal(f). More precisely,
let K(R) be the splitting field of f and Gal(f) := Gal(K(R)/K) the Galois group
of f , viewed as a subgroup of of the group Perm(R) of all permutations of R. We
have
Gal(f) ⊂ Perm(R)
and the action of Gal(f) on R is transitive if and only if f is irreducible.
Now let us consider the heart (end of §3) of the permutation representation of
Gal(f) on R: the faithful Gal(f)-module QR. It is well-known (see for instance,
Th. 5.1 on p. 478 of [21]) that the homomorphism ρ2,X : Gal(K) → Aut(X2)
factors through the canonical surjection Gal(K) ։ Gal(K(R)/K) = Gal(f) and
the Gal(f)-modules X2 and QR are isomorphic. In particular,
Gal(f) = ρ2,X(Gal(K)) = G˜2,X,K .
Now assume that f satisfies the conditions of Theorem 5.1 and let us put
H := G ⊂ Gal(f) ⊂ Perm(R) ⊂ Aut(QR) = Aut(X2).
It follows easily from Lemma 3.15 that we always have
EndG(X2) = EndH((QR)) = F2.
Now the assertion of Theorem 5.1 follows readily from Theorem 4.5.
Proof of Theorem 2.1. It is well-known that all Mathieu groups Mn ⊂ Sn are, at
least, 3-transitive permutation groups. Now Theorem 2.1 becomes an immediate
corollary of Theorem 5.1 combined with Lemma 3.13(a-c).
Proof of Theorem 2.3. Recall that q is a power of 2. It is well-known that Lm(q) =
PSLm(Fq) acts doubly transitively on P
m−1(Fq) = R. It is also clear that n =
#(Pm−1(Fq)) =
qm−1
q−1 is odd. Now Theorem 2.3 becomes an immediate corollary
of Theorem 5.1 combined with Examples 3.9 and Lemma 3.12.
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Proof of Theorem 2.5. It is an immediate corollary of Theorem 5.1 combined with
Lemma 3.13(d) and Lemma 3.16. (Notice that in this case one may check that the
Gal(f)-module J(Cf )2 is very simple.)
Remark 5.2. Combining Remark 3.13(e) and Lemma 3.15 with Theorem 5.1, we
obtain immediately that End(J(Cf ) = Z if n ≥ 5 and Gal(f) contains An. This
assertion was proven by a different method (based on the very simplicity of J(Cf )2)
in [20].
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